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Abstract
We consider the innite one-sided sequence generated by the period-doubling substitution. The
number p(n) of palindromes of length n and the number bk(n) of kth powers of words of length
n occurring in this sequence are computed explicitly. ? 2000 Elsevier Science B.V. All rights
reserved.
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1. Introduction
Local symmetries in innite words are of great importance in the spectral theory of
one-dimensional quasicrystal models. In one dimension there are basically two types of
symmetries, reectional symmetry and translational symmetry. Both types of symme-
tries were shown to be related to transport properties of the associated quantum systems
[12,16]. This has motivated recent interest in combinatorial properties of innite words
on the mathematical physics side, in particular since now quantitative results also play
an increasingly important role within spectral theory. While earlier results only required
the occurrence of some (reectional and/or translational) symmetries [3,5{7,13,16,23],
recent works have shown that an exact knowledge of the types of symmetries involved
yields important additional insight [9,10].
We are therefore going to consider palindromes and powers in innite words. To be
exact, we will consider a particular innite word, the period-doubling sequence. This
is due to the fact that this sequence, among other so-called primitive substitution se-
quences, has been heavily studied within quasicrystal spectral theory [3,6,7,9,10,16]. We
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will give explicit descriptions of the sets of palindromes and powers occurring in this
sequence. Spectral theoretical applications of these results will be given elsewhere [11].
Let A = fa1; : : : ; asg be a nite set, called the alphabet. The ai are called symbols
or letters, the elements of A  Sk>1 Ak are called words, the elements of AN 
fb1b2b3 : : : : bi 2 Ag are called (one-sided) sequences. We denote by jvj the length of a
word v 2 A (i.e., jvj=l i v 2 Al). Dene reection and cyclic permutation operations
on A by R(b1b2 : : : bn−1bn)  bnbn−1 : : : b2b1, T (b1b2 : : : bn−1bn)  b2b3 : : : bnb1. A
xed point of R is called palindrome. A substitution S is a map S : A ! A. S can
be extended homomorphically to A (resp., AN) by S(b1 : : : bn)  S(b1) : : : S(bn) (resp.,
S(b1b2b3 : : :)  S(b1)S(b2)S(b3) : : :). A xed point u 2 AN of S is called substitution
sequence. The existence of such a xed point follows from the following conditions.
1. There exists a letter a 2 A such that the rst letter of S(a) is a.
2. limn!1jSn(a)j=1.
In this case, u  S1(a)  limn!1Sn(a), where the limit is understood in an obvious
sense, exists and is a substitution sequence. To study the combinatorial aspects related
to the local symmetry properties of u we introduce the following concepts. Dene
P(n)  fp : p is a palindrome occurring in u, jpj= ng and p(n)  jP(n)j, where jX j
denotes the cardinality of a nite set X . Moreover we dene Bk(n)  fv : vk occurs
in u, jvj= ng and bk(n)  jBk(n)j. Obviously,
Bk+1(n)Bk(n): (1)
We shall refer to p and bk as palindrome complexity function and kth power com-
plexity function associated with u, respectively.
Remark. (1) It is unfortunate that dierent schools sometimes have diering nota-
tional conventions. We have followed the notions from [3,4,6,7,9,10,16,20]. Note that
substitutions are often called morphisms by computer scientists and ination rules by
physicists.
(2) While we concentrate on local symmetry aspects in innite sequences, let us
mention that global symmetry aspects have been studied in [19].
From now on we are going to consider a particular case. Let A= f0; 1g and dene
 : A! A by 0  1, 1  0. The period-doubling substitution is given by the mapping
Spd(0) = 01, Spd(1) = 00. In particular, for c 2 A we have
Spd(c) = 0 c: (2)
Since Spd(0) has 0 as its rst letter the above criterion yields the xed point u 
S1pd (0)=010001010100 : : :, called period-doubling sequence. Here and in the following,
we do not make the dependence of u and the related quantities on the substitution
explicit as it will always be clear from the context to which substitution we refer.
For later use let us collect some elementary properties of u. By denition of u and
(2), we have un = 0 for n odd. Thus,
uk = 1 ) uk+(2n+1) = 0 8n>− k2 : (3)
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In particular, 11 does not occur in u. Hence,
0000; 1111 62 B1(4): (4)
Again, by denition of u and (2) we have for n odd and k arbitrary
unun+1 : : : un+2k−1 = c1c2 : : : c2k ) u n+1
2
u n+3
2
: : : u n+2k−1
2
= c2 c4 : : : c2k : (5)
2. Palindromes in the period-doubling sequence
Let us rst consider local reectional symmetries in u.
Theorem 1. Let p be the palindrome complexity function associated with the period-
doubling substitution Spd. The function p has the following properties.
1: n even, n>4 ) p(n) = 0.
2: n odd, n>5 ) p(n) = p(2n− 1) = p(2n+ 1).
Remark. (1) The proof shows that the sets P(n); P(2n− 1); P(2n+ 1), n>5 odd, are
related by
P(2n− 1) = fp1 0p2 0 : : : 0pn+1
2
0 : : : 0 p2 0 p1 : p1 : : : p n+1
2
: : : p1 2 P(n)g;
P(2n+ 1) = f0p0 : p 2 P(2n− 1)g:
Thus, any set P(n) can be explicitly constructed from fP(i)g16i67. It is straightforward
to check that these sets are given by
P(1) = f0; 1g; P(2) = f00g; P(3) = f000; 010; 101g; P(4) = ;;
P(5) = f00100; 01010; 10001; 10101g; P(6) = ;;
P(7) = f0001000; 0100010; 0101010g:
The corresponding p(i) are therefore given by
p(1) = 2; p(2) = 1; p(3) = 3; p(4) = 0; p(5) = 4; p(6) = 0; p(7) = 3:
The values p(5); p(7) determine the numbers p(n), n>9 odd, according to the scheme
indicated in Fig. 1. As a general reference on integer sequences we want to mention
Sloane’s handbook [22].
(2) The substitution sequence induced by the Rudin{Shapiro substitution SRS(0)=01,
SRS(1)=02, SRS(2)=31, SRS(3)=32 was studied by Allouche [1]. It was shown that,
in this case, p(n) = 0 for all n>15. See also [2] for an alternative proof.
(3) The palindromes occurring in the substitution sequence generated by the
Fibonacci substitution SF(0) = 01, SF(1) = 0 were studied by Droubay [14]. This se-
quence has an alternative description as a Sturmian sequence. It was recently shown
by Droubay{Pirillo that an innite word is Sturmian if and only if p(n) = 1 for n
even and p(n) = 2 for n odd [15]. Schrodinger operators with potentials generated by
Sturmian sequences have been considered in [5,8,17,18,21,24].
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Fig. 1. p(n)-induction.
Corollary 1. Let p be the palindrome complexity function associated with the period-
doubling substitution Spd. The function p takes values in the set f0; 1; 2; 3; 4g. More-
over, lim supn!1p(n) = 4.
The proof of Theorem 1 will be split into three parts which are treated in the following
three lemmas.
Lemma 1. n even, n>4) p(n) = 0.
Proof. Suppose there exists p= : : : p1p0p0p1 : : : 2 P(n). By (3) we have p0=0. Thus,
by (4), we have p1 = 1, contradicting (3).
Lemma 2. n odd, n>5 ) p(n) = p(2n− 1).
Proof. 060 : Let p=p1 : : : p(n−1)=2p(n+1)=2p(n−1)=2 : : : p1 2 P(n). In particular, p occurs
in u. Thus, Spd(p) occurs in u. Now, Spd(p) has the form
0p1 0 : : : 0 p(n−1)=2 0 p(n+1)=2 0 p(n−1)=2 0 : : : 0p1:
Hence, p1 0 : : : 0 p(n−1)=2 0 p(n+1)=2 0 p(n−1)=2 0 : : : 0p1 2 P(2n − 1). Obviously, the
words obtained in this way are mutually distinct.
0>0 : Let p1 : : : pn−1pnpn−1 : : : p1 2 P(2n− 1).
Case 1: p1 = 1. By (3), this gives pj = 0 for j even. Moreover, p1 p3 : : : pn−2 pn
pn−2 : : : p3 p1 is a word in u and therefore contained in P(n). Again, all the words
obtained in this way are obviously distinct. Observe that the rst letter is always 0.
Case 2: p1 = 0. By (3), we may consider two subcases.
Case 2.1: pj = 0 for j odd. In this case, we get that
p2 p4 : : : pn−1 pn−1 : : : p4 p2
is a word in u, contradicting Lemma 1. Thus, Case 2.1 is impossible.
Case 2.2: pj = 0 for j even. This case can be treated analogously to Case 1. The
words obtained are mutually distinct. Moreover they are dierent from the words ob-
tained in Case 1 since their rst letter is now 1.
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Lemma 3. n odd, n>5 ) p(2n− 1) = p(2n+ 1).
Proof. 060 : Let p = p1 : : : pn−1pnpn−1 : : : p1 2 P(2n − 1). We will show that 0p0
occurs in u and thus belongs to P(2n+1). Obviously, these words are mutually distinct.
Since p is a word in u, at least one of the words E1  0p0; E2  0p1; E3  1p0; E4 
1p1 occurs in u. Suppose E2 or E4 occurs in u. In particular, p1 is a word in u. By
(3) we obtain p1 = p3 = : : : = 0 and, by (5), p2 p4 : : : pn−1 pn−1 : : : p4 p2 occurs in
u, contradicting P(2n− 4) = ;. Suppose now that E3 is a word in u. Thus, 1p occurs
in u and by the same argument we have that p2 p4 : : : pn−1 pn−1 : : : p4 p2 occurs in
u, again contradicting P(2n− 4) = ;.
0>0 : Let p = p1 : : : pnpn+1pn : : : p1 2 P(2n + 1). Then, p2 : : : pn−1pnpn−1 : : : p2 2
P(2n − 1). The words obtained this way are mutually distinct since we have shown
above that p1 must equal 0.
3. Powers in the period-doubling sequence
Let us now turn to local translational symmetries.
Theorem 2. Let bk be the kth power complexity function associated with the period
doubling sequence. Then, we have the follwing.
1: For every k>4 we have bk(n) = 0 for every n 2 N.
2: b2(n) = b3(n) =

n; n= 2k
0; else:
Remark. It will be seen from the proof, or rather from [9,10], that the sets Bk(n) obey
B2(n) = B3(n) =
 fT iSkpd(0)g06i62k−1; n= 2k ;
;; else:
Corollary 2. The asymptotic growth of the functions bk is either constant or linear.
1: lim supn!1bk(n) = 0, k>4.
2: lim supn!1(bk(n))=n= 1, k 2 f2; 3g.
The proof of Theorem 2 is given in Lemmas 4 and 5.
Lemma 4. (1) B2(n) = B3(n) =
 fT iSkpd(0)g06i62k−1; n= 2k
;; else:
(2) b2(n) = b3(n) =

n; n= 2k ;
0; else:
Proof. The case n=2k was treated in [9,10]. Let us consider the case n 6= 2k . By (1)
it suces to show B2(n) = ;. Suppose there is a word a1 : : : ana1 : : : an occurring in u,
that is,
um : : : um+2n−1 = a1 : : : ana1 : : : an:
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Without loss of generality, we can assume that n is odd for otherwise we have either
a1 a3 : : : an−1 2 B2(n=2) or a2 a4 : : : an 2 B2(n=2). In particular, n>3. The assertion
now follows from (3).
Lemma 5. For every k>4 we have Bk(n) = ; for every n 2 N.
Proof. By (1) it suces to prove B4(n)= ; for every n 2 N. Suppose there is a word
a1 : : : an 2 B4(n). Again we can assume without loss of generality that n is odd. But
for n= 1 this contradicts (4) and for n>3 this contradicts B2(n) = ;.
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